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Tensors as Data

Captured real-world data, including video, hyperspectral images,

and discretized physical systems, naturally occur as tensors.
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Denoising

The captured tensor T ∈ Rp1×p2×...×pd typically comes with

attendant noise that is assumed to be additive and normally

distributed, i.e,

T = D +N .

Assuming the “clean” tensor D is low rank, tensor decomposition

methods can be used to effect denoising.

However, determining tensor rank is NP-hard [1], thus such

methods require some form of rank estimation.
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Decomposition-based Denoising Methods

• Canonical Polyadic (CP) decomposition

• Liu et al. [2], Veganzones et al. [3], and Xue et al. [4] for HSIs

• Tucker decomposition

• Rajwade et al. for video [5] and images [6] using higher order

singular value decomposition by De Lathauwer et al. [7]

• Lee et al. [8] for ordinal values

• Tensor train (matrix product space) decomposition

• Gong et al. [9] for HSIs
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Low Rank Denoising via Dual Norms

Derksen [10] related the problem of denoising in the low rank

context to the minimization of dual norms ‖D‖X and ‖E‖Y , such

as the nuclear ‖·‖? and spectral ‖·‖σ norms, respectively.

The nuclear norm can be thought of as a convex relaxation of

rank, which is non-convex.

Being dual, the spectral and nuclear norms have the relationship

〈D, E〉 ≤ ‖D‖?‖E‖σ.

These relationships can be leveraged to perform denoising in an

inner product space. However, calculating these norms for tensors

is NP-hard [11],[1].
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Overview

In this study we introduce three new tensor decomposition

methods based on

• tensor amplification and

• tensor rank estimates stable slice rank and stable X -rank

We compare these methods with existing decomposition-based

methods on synthetic data and real-world data created from

electrocardiogram (ECG) signals.
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Tensor Denoising Methods

• CP Decomposition via Alternating Least Squares (CP-ALS)

[13]

• Higher-Order Orthogonal Iteration (HOOI) [14]

• Multiway Wiener Filter [15]

• Amplification-Based Denoising

• Stable Rank Methods
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Low Rank Denoising via Dual Norms Revisited

Recall that using the framework developed by Derksen [10] we can

denoise a tensor through the minimization of dual norms ‖D‖X
and ‖E‖Y , such as the nuclear ‖·‖? and spectral ‖·‖σ norms,

respectively.

However, the calculation of these norms for tensors is NP-hard

[11],[1].

Thus, Tokcan and this study’s co-authors developed the method of

tensor amplification [12], which provides approximations of the

tensor spectral norm and its dual the nuclear norm.
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Tensor Amplification

For a matrix A with singular values λ1, . . . , λr , the function

φ : A→ AAᵀA produces the matrix AAᵀA whose singular values

are λ3
1, . . . , λ

3
r .

Repeated applications of φ(·) will amplify the larger singular values

while minimizing small ones.

Analogously, tensor amplification utilizes degree d polynomial

functions on tensors that amplify their low rank structure.

For each amplification map Φσ′ there exists a corresponding norm

‖ · ‖σ′,d that approximates the tensor spectral norm, in the sense

that limd→∞ ‖T ‖σ′,d = ‖T ‖σ.
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Amplification-Based Denoising

D ← Denoise Amplification(T ,Φ,m)

ε← ‖T ‖
N ← T
while true do

A ← Φm(N )

A ← A
‖A‖

N ← N − 〈A,N〉A
Break if ‖N‖ < ε

end while

D ← T −N
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Slice Rank

Following Tao [16], the slice rank of a tensor T is the least

non-negative integer srk(T ) such that T is a sum of tensors with

slice rank 1, i.e., T =
∑r

i=1 Ti , where Ti is contained in the tensor

product space

V1 ◦ · · ·Vi−1 ◦ s ◦ Vi−1 ◦ · · ·Vd ,

where Vj are vector spaces and s is a vector in some Vi .
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Stable Slice Rank

In Rudelson et al. [17], the notion of stable rank for matrices was

introduced, in which the matrix rank function rank(A), is replaced

by the related numerical rank function ‖A‖
2

‖A‖2
σ

, or the related stable

nuclear rank

‖A‖2
?

‖A‖2
.

Extending this notion to tensors, the stable slice rank is defined as∑d
i=1 ‖T(i)‖2

?

‖T ‖2
.
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Stable Slice Rank Denoising

For a given cutoff value λ, the stable slice rank (SliceRank)

method denoises a tensor by finding a decomposition

D =
∑
i

Si

that minimizes ‖D‖F such that the nuclear norms of the

flattenings of N are all ≤ λ.

Typically, the S(i) have low rank.
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Stable Slice Rank Denoising (cont.)

(D, {Si}, ssrk)← Denoise SliceRank(T , λ, acc)

while curr acc < acc do

for i ← 1 : d do

A ← T −
∑

j 6=i Sj

q← circshift([1, . . . , d ],−(i − 1)) ; A ← A〈q〉

(U,D,V )← svd(A(i))

Ei ← max(D − λ, 0)

F ← U · Ei · V T

F ← reshape(F , pi , . . . , pd , p1, . . . , pi−1)

q← circshift([1, . . . , d ], (i − 1)); Si ← F 〈q〉

end for

curr acc ←
〈T −

∑d
j=1 Sj ,

∑d
j=1 Sj〉

λ
∑d

j=1 ‖A(j)‖?
end while

D ←
∑d

i=1 Si



G -stable Rank

A T of rank r may not have a best rank k < r approximation as

the set of all tensors for a given rank is not Zariski closed [18].

In Derksen [19], the G -stable α rank of a tensor was introduced

that, among its other advantages, is Zariski closed:

rkGα (T ) = sup
g∈G

min
i

αi‖g · T ‖2

‖ (g · T )(i) ‖2
σ

,

where α = (α1, . . . , αd) and g is an element of a reductive group

G , i.e., g ∈ SL(Rp1)× · · · × SL(Rpd ).
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Stable X -Rank Denoising

Using the above definition we can define the related concept of

stable X -rank, which is

sXrkG (T ) = max
α

rkGα (T ),

where α is subject to the restriction that
∑

i αi = d .

The stable X -Rank (XRank) denoising method is similar to

SliceRank, i.e., the method imposes a constraint on the nuclear

norm of the flattenings of N . However, in the XRank method, this

cutoff is determined automatically.
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Synthetic Data

Two different sets of synthetic tensors T ∈ Rp1×p2×...×pd were

created:

• Uniformly-sized, with pi = s for all i ∈ [1, d ]

• Non-uniformly sized, with one mode mk “stretched” to

dk = [s,min(500, sd)]

Parameter Range/Values

Distribution Normal N (0, 1)

Order 3, 4

Rank [1, 5], 10, 20, 25

Size 5, 10, 25, 50

SNR 20, 10, 5, 1,−1,−5,−10,−20
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Synthetic Data Results: Overall (Uniform Size, Order 3)

Starting SNR HOOI ALS Wiener Amp SliceRank XRank

20 19.57 (3.32) 28.67 (11.1) 29.05 (13.19) 10.0 (14.13) 18.79 (1.59) 10.89 (5.64)

10 10.59 (1.12) 19.91 (8.88) 20.22 (10.1) 8.65 (11.09) 13.21 (2.21) 9.84 (4.15)

5 5.81 (0.75) 15.11 (8.26) 14.94 (8.59) 7.85 (9.64) 8.18 (2.52) 8.56 (3.13)

1 1.87 (0.7) 11.12 (7.98) 10.34 (7.64) 7.01 (8.56) 3.54 (2.25) 6.91 (2.49)

-1 -0.12 (0.7) 9.1 (7.88) 7.96 (7.01) 6.48 (8.1) 1.18 (2.03) 5.86 (2.36)

-5 -4.12 (0.69) 4.99 (7.77) 3.37 (5.69) 5.17 (7.45) -3.46 (1.57) 3.24 (2.6)

-10 -9.12 (0.69) -0.19 (7.65) -2.25 (4.57) 2.85 (7.35) -9.02 (1.12) -0.58 (3.43)

-20 -19.11 (0.7) -10.38 (7.39) -11.17 (7.38) -11.79 (6.98) -19.61 (0.6) -9.22 (4.79)

Mean (SD) SNR, in decibels, after tensor denoising across all parameters.
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Synthetic Data Results: Overall (Non-uniform Size, Order 3)

Starting SNR HOOI ALS Wiener Amp SliceRank XRank

20 23.91 (7.33) 30.81 (12.7) 29.46 (13.3) 11.68 (14.81) 18.7 (1.53) 11.85 (5.83)

10 15.45 (4.71) 22.75 (10.29) 21.39 (10.79) 10.33 (11.77) 13.28 (2.11) 10.75 (4.34)

5 10.99 (3.94) 18.25 (9.55) 16.28 (9.86) 9.45 (10.34) 8.26 (2.44) 9.4 (3.3)

1 7.27 (3.67) 14.49 (9.23) 11.84 (9.03) 8.25 (9.36) 3.63 (2.19) 7.68 (2.6)

-1 5.38 (3.63) 12.57 (9.12) 9.54 (8.41) 7.32 (9.03) 1.28 (2.01) 6.6 (2.42)

-5 1.5 (3.64) 8.66 (8.99) 5.38 (6.92) 4.89 (9.02) -3.37 (1.61) 3.95 (2.56)

-10 -3.51 (3.61) 3.65 (8.86) 0.08 (5.37) 1.65 (9.72) -8.92 (1.29) -0.13 (3.39)

-20 -13.59 (3.51) -6.6 (8.57) -7.94 (7.44) -11.74 (8.56) -19.56 (0.64) -9.01 (4.66)

Mean (SD) SNR, in decibels, after tensor denoising across all parameters.
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Synthetic Data Results: Rank
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Synthetic Data Results: Low Rank, Low SNR

Starting SNR HOOI ALS Wiener Amp SliceRank XRank

1 1.59 (0.36) 5.97 (2.93) 12.21 (4.05) 14.98 (7.72) 5.64 (2.29) 8.89 (1.91)

-1 -0.42 (0.35) 3.92 (2.92) 10.31 (3.85) 13.66 (7.28) 3.33 (2.11) 7.34 (2.01)

-5 -4.43 (0.32) -0.17 (2.91) 6.42 (3.78) 10.68 (6.90) -1.52 (1.70) 3.77 (2.34)

-10 -9.45 (0.30) -5.24 (2.93) 1.90 (3.84) 6.16 (7.47) -7.49 (1.39) -0.79 (2.88)

-20 -19.45 (0.30) -15.29 (2.91) -8.86 (5.90) -4.36 (7.84) -18.79 (1.03) -10.31 (3.48)

(a) Uniformly sized tensors.

Starting SNR HOOI ALS Wiener Amp SliceRank XRank

1 4.59 (1.82) 8.32 (4.32) 16.96 (8.56) 16.15 (8.84) 5.85 (2.30) 9.68 (1.96)

-1 2.58 (1.82) 6.25 (4.30) 14.99 (8.41) 14.88 (8.34) 3.51 (2.24) 8.25 (2.03)

-5 -1.46 (1.84) 2.12 (4.29) 10.77 (8.21) 12.06 (7.72) -1.25 (2.06) 4.89 (2.39)

-10 -6.50 (1.87) -2.98 (4.31) 4.07 (6.49) 7.84 (7.93) -7.19 (1.87) 0.21 (3.09)

-20 -16.52 (1.87) -13.05 (4.31) -7.18 (6.61) -1.79 (9.00) -18.86 (0.84) -9.05 (3.87)

(b) Non-uniformly sized tensors.

Mean (SD) denoised SNR, in decibels, for low rank and noisy tensors.
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Real-World Data: ECG Waveforms

The PTB Diagnostic ECG Database [20] is comprised of 12-lead

electrocardiograms (ECGs) from patients with various

cardiovascular diseases as well as healthy controls.

Gaussian noise was added to each ECG lead at various noise levels,

after which tensors were formed using the method developed in

Hernandez et al. [21], which extracts features from waveforms via

taut string approximations.
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Tensor Formation

Two sampling methods were used: 90 seconds of signal to

produces tensors of size 5× 6× 12, and windowed samples to

produce tensors of size 5× 6× 12× 3.
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PTB Data Results

Results for PTB tensors formed from 90 second samples.
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Discussion

• For fourth-order synthetic tensors, the results were essentially
the same:

• CP-ALS and the Wiener filter methods were the first and

second best overall;

• Amplification performed the best at low ranks and high noise

(< 0 dB)

• Only XRank was effective on the PTB data

• Could serve as a preprocessing step in machine learning, e.g.,

Hernandez et al. [21]

• Amplification requires calculating order-specific amplification

maps; currently limited to third- and fourth-order tensors.

• In the future, we would like to improve the performance of

amplification for higher rank tensors.
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maps; currently limited to third- and fourth-order tensors.

• In the future, we would like to improve the performance of

amplification for higher rank tensors.
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CP Decomposition via Alternating Least Squares (CP-ALS)

Let U(j) = [uj ,1uj ,2 . . . uj ,r ] ∈ Rpj×r , 1 ≤ j ≤ d . CP decomposition

factorizes a d-way tensor into d factor matrices and a vector

Λ = [λ1, λ2, . . . , λr ] ∈ Rr :

S =
r∑

i=1

λiu1,i ◦ u2,i ◦ . . . ◦ ud ,i .

The best rank r approximation problem for a tensor

T ∈ Rp1×p2×...×pd can be given as:

min
Λ,U(1),...,U(d)

‖T − S‖ where S = [Λ ; U(1), U(2), . . . , U(d)].

This can be found by employing alternating least squares (ALS).
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CP Decomposition via Alternating Least Squares (CP-ALS)

(cont.)

The TensorToolbox [13] implementation of CP-ALS was utilized

with the default level of tolerance (10−4) and maximum number of

iterations (50).

CP-ALS was run for specified rank values r ∈ [1,min(pi )], with the

rank r∗ approximation

Dr∗ = min
r
‖T − Dr‖

chosen as the best denoised tensor.
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Higher-Order Orthogonal Iteration (HOOI)

For matrices, orthogonal iteration produces a sequence

orthonormal bases for each subspace of the vector space.

De Lathauwer et al. [14] extended this to tensors. Higher-order

orthogonal iteration uses ALS to estimate the best rank-[r1, . . . , rd ]

approximation for a tensor. This is achieved by iteratively solving

the optimization problem

argminU(i)|ri
‖T − G ×1 U(1)|r1

×2 U(2)|r2
× . . .×N U(d)|rd‖,

where G is a core tensor of size r1 × . . .× rd and each U(i)|ri is a

matrix comprised of the ri leftmost singular vectors in each modal

flattening (found via SVD).
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Higher-Order Orthogonal Iteration (HOOI) (cont.)

HOOI-based denoising was implemented using the tucker als

method in TensorToolbox [13] to find the best rank [r∗1 , . . . , r
∗
d ]

approximation.

Each ri was chosen equally and uniformly from r ∈ [1,min(pi )],

with the rank r∗ approximation

Dr∗ = min
r
‖T − Dr‖

chosen as the best denoised tensor.
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Multiway Wiener Filter

For a discrete signal y [n] and filter output ŷ [n], the Wiener filter

h[n] is the filter that minimizes the mean squared error between

ŷ [n] and y [n]:

argminh[·]E[(ŷ [n]− y [n])2)].

Wiener filters have been used in a variety of denoising applications,

such as for images, physiological signals, and speech.

Muti et al. [15] created a multiway Wiener filter that can be used

to denoise tensors of arbitrary size. Given a noisy tensor T , their

method uses an ALS approach to learn Wiener filters {Hn} for

each mode n, from which the denoised tensor D is computed as

D = T ×1 H1 ×2 H2 ×3 · · · ×d Hd .
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The Tensor Spectral and Nuclear Norms

The spectral norm of a matrix is is largest singular value σ1. For a

tensor T of order d in Rp1×p2×...×pd , the tensor spectral norm is

defined as

‖T ‖σ = sup |T · u1 ⊗ u2 ⊗ . . .⊗ ud |,

where uj ∈ Rpj and ‖uj‖ = 1 for 1 ≤ j ≤ d .

The nuclear norm for a matrix is the sum of its singular values,

while the tensor nuclear norm ‖T ‖?, is defined as

‖T ‖? = min
r∑

i=1

‖vi‖2,

where v1, . . . , vr are rank-1 tensors and T =
∑r

i=1 vi .

As mentioned previously, both are NP-hard to compute.
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Capturing Trends at Multiple Scales: Taut String

Taut string is a method to compute piecewise linear

approximations of a function, parametrized by ε, which controls

the “tightness” of the estimation.

Three taut string estimations of an ECG signal.
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