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“Centralities” of

Nodeg in Networke

Calculating centralities gives a way to
measure the importance of nodes, edges,
and other structures in networks.




“Centrality” Meagureg

Calculating centralities gives a way to measure the importance of nodes, edges,
and other structures in networks.

— This talk: node centralities

Degree = number of adjacent nodes (e.g., number of friends)

Betweenness centralities = on many short paths

Eigenvector centrality = a node is important if it is adjacent to important nodes




Eigenvector-Baged Centralitieg

 Examples
— Eigenvector centrality

* Leading-eigenvector solution of the eigenvalue problem Av = Av

— Hubs and authorities
» Leading-eigenvector solution: x =aAy ; y = bATx = ATAy = Ay & AATx = Ax, where A = 1/(ab)
* Nodeihas hub centrality x; and authority centrality y;

— PageRank
* Review article: David F. Gleich [2015], “PageRank Beyond the Web”, SIAM Review, Vol. 57, No. 3: 321-363

Let P; ; be the probability of transitioning from page j to page 7 (or, more gen-
erally, from “thing j” to “thing ¢”). The stationary distribution of the PageRank
Markov chain is called the PageRank vector x, which is the solution of the eigenvalue
problem
(2.1) (aP + (1 —a)ve')x = x.

Many take this eigensystem as the definition of PageRank (Langville and Meyer, 2006 ).
We prefer the following definition instead.

* Note: Other centralities (e.g., Katz centrality) arise from eigenvectors, but the centrality
vector itself is not a solution of an eigenvalue problem.




Multilayer Networka

A general type of network for studying
multirelational networks, temporal
networks, and other types of networks




Multilayer Network




E xample: Node-Colored Network

FiG. 5. (a) An example of a node-coloured network (i.e. an interconnected network, a network of networks etc.). (b) Represen-
tation of the same node-coloured network using our multilayer network formalism. We keep the node names from the original
network. (c¢) Alternative representation of the same node-coloured network in our multilayer network formalism. This time, we
use consecutive integers starting from 1 to name the nodes in each layer, so we also need to include the identity of the layer to
uniquely specify each node.



E xample: Multiplex Network

 An old idea from the social networks literature
* Multirelational network (edge coloring)

{a) A (b)
5 : B R PP £ n /"’“%zi-a,,
Meacursi.
Lufthansa e o
B e,
B " -
——— z =
o i
Air-France -
vy,

British Airways




E xample: Temporal Network

e Time-dependent networks

* In a multilayer representation of a temporal network, each layer may be a point
in time, an aggregation over some time period, etc.
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Schematic from: P. Holme & J. Saraméki [R012], “Temporal Networks”,
Physics Reports, Vol. 519: 97-125




Beneral Form of a Multilayer Network

 Definition of a multilayer network M

— M= (VM,EM’V,L) | : \
« V: set of nodes (“entities”) NEPANIP

— As in ordinary graphs YIS D

* L: sequence of sets of possible layers

— One set for each additional “aspect” d = O beyond an ordinary network
(example: d = 1 in schematic on this page)

* Vyr: set of tuples that represent node-layers
* By multilayer edge set that connects these tuples

* Note: One can weight edges in the usual way

c c@ c® @ G




Tengorial Repregentation

* Adjacency tensor for unweighted case:

A € {0, 1}VIXIVIX[La|x[Ly|x-x|La| x|Lq]

* Elements of adjacency tensor:

- AuvaB = AuvaIBI ... adpd = | if and only if ((u,a), (V,ﬂ)) is an
element of Ey (otherwise,A,qs = 0)

* Important note:‘padding’ layers with empty nodes

— One distinguishes between a node not present in a layer
and nodes existing but edges not present. This is important
for normalization for many quantities.

— “Missing edges” versus “forbidden edges”




“Flattened” Multilayer Networke

(supra-adjacency repregentation)
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Schematic from M. Bazzi, MAP, S. Williams, M. McDonald, D. J. Fenn, & S. D. Howison [2016]
Multiscale Modeling and Simulation: A SIAM Interdisciplinary Journal, 14(1): 1-41




Eigenvector-Baged
Centralitieg in

Multilayer Networke

We generalize eigenvector-based
centralities from ordinary graphs to
multilayer networks.




QOverview of the Three
Central Publicationg

» 2017 paper: Introduces a principled generalization of eigenvector-based centralities for
temporal networks (using multilayer representations of temporal networks)

— Assumes symmetric, adjacent-in-time coupling of temporal layers

— Perturbation theory for strong interlayer coupling

* 2019 book chapter: Generalizes 2017 paper to consider directed interlayer edges

— Multilayer PageRank has both ordinary teleportation and “layer teleportation”

* 2021 paper: Generalizes the previous work to very general forms of interlayer coupling,
allowing both temporal eigenvector-based centralities and multiplex eigenvector-based
centralities

— Perturbation theory for both strong interlayer coupling and weak interlayer coupling



207 Paper: Congtruct a Supracentrality Matrix

" eM(D) I 0 1
I eM(2) I
M —
(€ 0 I eM (3)

¢ B.g. M® = A®[AD®]T t0 examine hubs and authorities (t indexes the
layers)

e g=1/w

« A singular perturbation from the € = O (strong coupling) limit yields a

time-independent centrality and then a “first mover” perturbation
term (and higher-order corrections)




Singular Perturbation Expangion

M(e) =B + G
B — A(chain) |
G = diagM®,... M@

where ® denotes the Kronecker product and A(°h2i?) is the T' x T adjacency matrix
of an undirected “bucket brigade” (or “chain”) network whose T nodes are each
adjacent to their nearest neighbors along an undirected chain. In this bucket brigade,

Amax(€)V(€) = M(e)v(e) = Bu(e) + eGv(e)
Amax(€) = do+eh + -+ V() =vo+evi+---




Ot Order Expangion and Time-Averaged Centrality

XD = AO

q; is the time-averaged centrality for entity i

(1) _ _ TpT (t) mt
X0 =u; P GPuj =~ ZM sm( _|_1>

One derives expressions for higher-order corrections in a

similar way. The coefficient of the first correction gives a
first-mover score.




Mathematice PhD Exchange Network

Mathematics Genealogy Project
 Mathematics department rankings change

with time, so we want to use centrality Peter John Mucha
. . MathSciNet
measures that change with time

Ph.D. Princeton University 1998 E

« Multilayer network with adjacency tensor

Dissertation: On Zero Reynolds Number Microhydrodynamics of Particulate

elements A'ijst Suspensions
q q q g q Advisor 1: Isaac Goldhirsch
— Directed intralayer edge from university i to Advisor 2: Steven Alan Orszag
university j at time t for a specific person’s PhD Students:
granted at time t for a, person who later advised Click here to see the students ordered by family name.
a student at i (mlllti'edges give WelghtS) Name School Year Descendants
Carlson, Mark Georgia Institute of Technology 2004
* E.g. Peter Mucha yields a Princeton=>»Georgia Hohenegger, R
Tech edge and a Princeton=>UNC Chapel Hill edge Christel Georgia Institute of Technology 2006 !
fort = 1998 Shi, Feng y;l(;;rlumalll'sny of North Carolinaat 4
— Note: No Princeton=»Dartmouth edge (time delay) Wang, Simi (T:nz;’mf”’s"" of North Carolinaat 554,
— Use a multilayer network with “diagonal” and Lee, Hsuan-Wei (e Hiarsty of Norih Garolnaat 504
ordinal inteI’la.yeP Coup],ing Heroy, Samuel '(I;I;e Ur;inglll'sity of North Carolinaat .o
I — apel A
— 231 US universities, T' = 65 time layers (1946- Stanley, Natalie gﬁi ;Jerlﬂnalrsity of North Carolinaat 0o
2010) The University of North Carolina at

Weir, William 2020

Chapel Hill




Math Departments: Begt Authoritieg

Top Time-Averaged Centralities Top First-Order Mover Scores

Rank University Q; Rank University m;
1 MIT 0.6685 1 MIT 688.62
2 Berkeley  0.2722 2 Berkeley 299.07
3 Stanford  0.2295 3 Princeton 248.72
4 Princeton 0.1803 4 Stanford 241.71
5 Illinois 0.1645 5 Georgia Tech 189.34
6 Cornell 0.1642 6 Maryland 186.65
7 Harvard  0.1628 7 Harvard 185.34
8 UWwW 0.1590 8 CUNY 182.59
9 Michigan  0.1521 9 Cornell 180.50
10 UCLA 0.1456 10 Yale 159.11




2019 Book Chapter: Directed [nterlayer Coupling
["Node Teleportation” and “Layer Teleportation”]




202| Paper: Both Temporal and
Multiplex Networkg

« Much more general form of interlayer coupling
* We do perturbation theory for both weak and strong coupling

(3.1)
- c) o ... ] i 1‘1111 14:1121 14:1131 ]
0 C®) 0 o Aol Aol Aosl
Clw)=C+wA = | Anl Al Assl

0 0o C®

where C = diag[CV),...,CT)] and A = A QT denotes the Kronecker product of A
and 1.




Marginal Node and Layer Centralitieg

DEFINITION 3.3 (joint centralities of node-layer pairs [110]). Let C(w) be a supra-
centrality matriz given by Definition 3.1, and let v(w) be its right dominant eigenvec-
tor. We encode the joint centrality of node i in layer t via the N x T matriz W (w)
with entries e

(3.3) Wit(w) = vN(—1)4i(w) -

REMARK 3.4. We refer to Wi(w) as a “joint centrality” because it reflects the
importance of both node v and layer t.

DEFINITION 3.5 (marginal centralities of nodes and layers [110]). Let W (w) en-

code the joint centralities of Definition 3.3. We define the marginal layer centrality
(MLC) z¢(w) and marginal node centrality (MNC) &;(w) by

(3.4) 2 (w) = Z Wirlw), i(w) =Y Wilw).

« We also examine conditional centralities (nodes conditioned on layers, and vice versa,)




Mathematice PhD Exchange Network

TABLE SM3
Top MNCs (see Definition 3.5 of the main text) for U.S. doctoral programs in the mathematical
sciences when the layers’ centrality matrices are authority matrices and the interlayer-adjacency
matriz is given by (3.5) of the main text. We show results for three choices of (y,w).

(v,w) = (107%,1) (v, w) = (1072,10°) (v,w) = (107%,10%)
Rank University T; University T; University T;
1 MIT 0.91 MIT 5.28 MIT 3.47
2 U Washington 0.23 UC Berkeley  2.28 UC Berkeley 1.72
3 Boston U 0.15 Stanford 1.84 Stanford 1.28
4 U Michigan 0.12 Princeton 1.42 Harvard 0.97
5 Brown 0.12 Harvard 1.28 Princeton 0.96
6 UCLA 0.111 Cornell 1.23 Cornell 0.89
7 Carnegie Mellon  0.11 UluC 1.18 UIuC 0.77
8 Purdue 0.11 Washington 1.13 UCLA 0.75
9 USC 0.11 U Michigan 1.12 Wisconsin-Madison  0.74
10 U of Georgia 0.11 UCLA 1.09 U Michigan 0.66




Multiplex Airline Network

(b) Alitalia
Flybe

Scandinavian Air.
Turkish Airlines
NetJets

Air Berlin
Lufthansa

easylet

Ryanair




Layer () Airline name M A(lt) Layer (t) Airline name My )\gt)
1 Lufthansa 244 145 20 LOT Polish Air. 55 6.8
2 Ryanair 601 19.3 21 Vueling Airlines 63 6.8
3 easyJet 307  14.0 22 Air Nostrum 69 6.4
4 British Airways 66 6.6 23 Air Lingus 108 6.7
5 Turkish Airlines 118 9.9 24 Germanwings 67 7.4
6 Air Berlin 184 113 25 Pegasus Airlines 58 6.7
7 Air France 69 7.2 26 NetJets 180 8.2
8 Scandinavian Air. 110 8.9 27 Transavia Holland 57 6.0
9 KLM 62 7.9 28 Niki 37 4.7
10 Alitalia 93 8.8 29 SunExpress 67 7.8
11 Swiss Int. Air Lines 60 7.3 30 Aegean Airlines 53 6.5
12 Iberia 35 5.8 31 Czech Airlines 41 6.4
13 Norwegian Air Shu. 67 8.1 32 European Air Trans. 73 6.8
14 Austrian Airlines 74 8.1 33 Malev Hungarian Air. 34 5.8
NO de Centralities and 15 Flybe 99 8.5 34 Air Baltic 45
16 Wizz Air 92 6.5 35 Wideroe 40
laye T ce ntP aliti e S 17 TAP Portugal 53 7.0 36 TNT Airways 61
18 Brussels Airlines 43 6.6 37 Olympic Air 43
Finnair 42 6.4

depend on the 1

interlayer-coupling .
strength

Marginal Layer Centralities

Uncoupled Limit
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Conclugiong




Conclugiong

Centralities allow one to measure the importance of nodes, edges, and other
structures in networks.

The formalism of multilayer networks allows one to study complicated types of
network structures.

— E.8., temporal networks, multiplex networks, etc.

There are many different ways to generalize standard network ideas (e.g.,
centralities) from ordinary graphs to multilayer networks.

As an example, I discussed eigenvector-based centralities in temporal and
multirelational networks.



