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“Cent ra l it i es ”  of  
Nodes  i n  Networks  
C a l c u l a t i n g  c e n t r a l i t i e s  g i v e s  a  w a y  t o  
m e a s u r e  t h e  i m p o r t a n c e  o f  n o d e s ,  e d g e s ,  
a n d  o t h e r  s t r u c t u r e s  i n  n e t w o r k s .



“Centrality” Measures
• Calculating centralities gives a way to measure the importance of nodes, edges, 

and other structures in networks.
– This talk: node centralities

• Degree = number of adjacent nodes (e.g., number of friends)

• Betweenness centralities = on many short paths

• Eigenvector centrality = a node is important if it is adjacent to important nodes



Eigenvector-Based Centralities
• Examples

– Eigenvector centrality
• Leading-eigenvector solution of the eigenvalue problem Av = !v

– Hubs and authorities
• Leading-eigenvector solution: x = aAy ; y = bATx è ATAy = λy & AATx = λx, where λ = 1/(ab)

• Node i has hub centrality xi and authority centrality yi

– PageRank
• Review article: David F. Gleich [2015], “PageRank Beyond the Web”, SIAM Review, Vol. 57, No. 3: 321–363

• Note: Other centralities (e.g., Katz centrality) arise from eigenvectors, but the centrality 
vector itself is not a solution of an eigenvalue problem.



Mu lt i l a ye r  Networks
A  g e n e r a l  t y p e  o f  n e t w o r k  f o r  s t u d y i n g  
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Multilayer Network



Example: Node-Colored Network



Example: Multiplex Network
• An old idea from the social networks literature
• Multirelational network (edge coloring)



Example: Temporal Network
• Time-dependent networks
• In a multilayer representation of a temporal network, each layer may be a point 

in time, an aggregation over some time period, etc.

Schematic from: P. Holme & J. Saramäki [2012], “Temporal Networks”, 
Physics Reports, Vol. 519: 97–125



General Form of a Multilayer Network
• Definition of a multilayer network M
–M = (VM,EM,V,L)
• V: set of nodes (“entities”)

– As in ordinary graphs
• L: sequence of sets of possible layers

– One set for each additional “aspect” d ≥ 0 beyond an ordinary network 
(example: d = 1 in schematic on this page)

• VM: set of tuples that represent node-layers
• EM: multilayer edge set that connects these tuples

• Note: One can weight edges in the usual way



• Adjacency tensor for unweighted case:

• Elements of adjacency tensor: 
– Auvαβ = Auvα1β1 … αdβd = 1 if and only if ((u,α), (v,β)) is an 

element of EM (otherwise,Auvαβ = 0)

• Important note: ‘padding’ layers with empty nodes
– One distinguishes between a node not present in a layer

and nodes existing but edges not present. This is important
for normalization for many quantities.
– “Missing edges” versus “forbidden edges”

Tensorial Representation



“Flattened” Multilayer Networks
(supra-adjacency representation)

• Schematic from M. Bazzi, MAP, S. Williams, M. McDonald, D. J. Fenn, & S. D. Howison [2016]
Multiscale Modeling and Simulation: A SIAM Interdisciplinary Journal, 14(1): 1–41
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Fig. 3.1. Example of (left) a multilayer network with unweighted intra-layer connections (solid
lines) and uniformly weighted inter-layer connections (dashed curves) and (right) its corresponding
adjacency matrix. (The adjacency matrix that corresponds to a multilayer network is sometimes
called a “supra-adjacency matrix” in the network-science literature [39].)

or an adjacency matrix to represent a multilayer network.) The generalization in [49]
consists of applying the function in (2.16) to the N |T |-node multilayer network:

r̂(C, t) =

N |T |X

i,j=1

✓
⇡i

⇥
�ij + t⇤ii(Mij � �ij)

⇤
� ⇡i⇢i|j

◆
�(ci, cj) , (3.1)

where C is now a multilayer partition (i.e., a partition of an N |T |-node multilayer
network), ⇤ is the N |T | ⇥N |T | diagonal matrix with the rates of the exponentially
distributed waiting times at each node of each layer on its diagonal, M (with en-
tries Mij := Aij/

P
j Aij) is the N |T | ⇥ N |T | transition matrix for the N |T |-node

multilayer network with adjacency matrix A, ⇡i is the corresponding stationary dis-
tribution (with the strength of a node and the total edge weight now computed from
the multilayer adjacency matrix A), and ⇢i|j is the probability of jumping from node
i to node j at stationarity in one step conditional on the structure of the network
within and between layers. The authors’ choice of ⇢i|j , which accounts for the “spar-
sity pattern”10 of inter-layer edges in the multilayer adjacency matrix, motivates the
multilayer modularity-maximization problem

max
C2C

N |T |X

i,j=1

Bij�(ci, cj) , (3.2)

which we can also write as maxC2C Q(C|B), where B is the multilayer modularity

matrix

B =
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. . .
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. . .

...

0
. . .

. . .
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...
. . .

. . .
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, (3.3)

10The sparsity pattern of a matrix X is a matrix Y with entries Yij = 1 when Xij 6= 0 and
Yij = 0 when Xij = 0.
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Overview of the Three 
Central Publications
• 2017 paper: Introduces a principled generalization of eigenvector-based centralities for 

temporal networks (using multilayer representations of temporal networks)
– Assumes symmetric, adjacent-in-time coupling of temporal layers
– Perturbation theory for strong interlayer coupling

• 2019 book chapter: Generalizes 2017 paper to consider directed interlayer edges
– Multilayer PageRank has both ordinary teleportation and “layer teleportation”

• 2021 paper: Generalizes the previous work to very general forms of interlayer coupling, 
allowing both temporal eigenvector-based centralities and multiplex eigenvector-based 
centralities
– Perturbation theory for both strong interlayer coupling and weak interlayer coupling



2017 Paper: Construct a Supracentrality Matrix

• E.g. M(t) = A(t)[A(t)]T to examine hubs and authorities (t indexes the 
layers)

• ε = 1/ω
• A singular perturbation from the ε è 0 (strong coupling) limit yields a 

time-independent centrality and then a “first mover” perturbation 
term (and higher-order corrections)
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we use a singular perturbation expansion to derive a principled definition of time-
averaged centrality (see Sec. 3).

2.2. Inter-Layer Coupling of Centrality Matrices. To avoid the problems
that arise from ignoring the distinction between inter-layer edges and intra-layer edges,
we define a somewhat more nuanced generalization of eigenvector-based centralities.
To preserve the special role of inter-layer edges, we directly couple the matrices that
defne the eigenvector-based centrality measure within each temporal layer (e.g., or-
dinary adjacency matrices for eigenvector centrality). That is, one can cast any
eigenvector-based centrality in terms of some matrix M that is a function of the
adjacency matrix A. For example, hub and authority scores are the leading eigenvec-
tors of the matrices AAT and ATA, respectively (using the convention that elements
Aij indicate i ! j edges). Letting M(t) denote the centrality matrix for layer t, we
couple these centrality matrices with inter-layer couplings of strength ! in a (rescaled)
supra-centrality matrix

M(✏) =

2

666664

✏M(1) I 0 · · ·

I ✏M(2) I
. . .

0 I ✏M(3) . . .
...

. . .
. . .

. . .

3

777775
. (2.4)

For notational convenience, we define the supra-centrality matrix using a rescaling
factor ✏ = 1/! rather than the coupling weight !. [That is, we rescale all edges
by a factor ✏ to obtain Eq. (2.4).] We study the dominant eigenvector (✏), which
corresponds to the largest eigenvalue �max(✏) [i.e, M(✏) (✏) = �max(✏) (✏)]. The
entries of the dominant eigenvector give the centralities of the node-layer pairs (i, t);
this represents the centrality of physical node i at time t. As we will explain in
Sec. 2.3, we refer to this type of centrality as a “joint node-layer centrality” because
it reflects the centrality of both the physical node i and the time layer t.

One can interpret the parameter ✏ > 0 as a tuning parameter that controls how
strongly a given physical node’s centrality is coupled to itself between neighboring time
layers. (See the related discussions in [6, 9] in the context of multilayer community
structure.) That is, the intuition for a specified eigenvector-based centrality proceeds
within each individual layer as in the associated centrality’s original definition, and
the additional inter-layer coupling introduces contributions to centrality from the
network structure in neighboring layers. Of particular interest are the limits in which
✏ ! 1 (i.e., decoupling of layers) and ✏ ! 0+ (i.e., a particular notion of order-
preserving aggregation). See the related discussions in [92,93]. We expect the ✏ ! 0+

limit to yield principled time-averaged centralities of nodes. Note that such a notion
reflects that the layers have an intrinsic temporal ordering and should in general yield
di↵erent results from calculating the centralities of the summed adjacency layers (i.e.,
directly summing the corresponding entries in these matrices) or from an unweighted
averaging of centralities across otherwise uncoupled layers.

Additionally, the notation of Eq. (2.4) implicitly assumes that every physical node
i appears in every time layer t (where i 2 {1, . . . , N}, t 2 {1, . . . , T}). Although this
notation is consistent with that used in the development of multilayer modularity [82],
it is important to call attention to practical issues in treating situations in which
some physical nodes do not appear across all layers [27,70]. When defining multilayer
modularity, there are no di�culties with removing nodes from the layers in which they



Singular Perturbation Expansion
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✏ ! 0+. In Sec. 3.1, we further explore the singularity that arises in the strong-
coupling limit. In Secs. 3.2 and 3.3, we give zeroth- and first-order perturbation
expansions, which lead to principled expressions for time-averaged centralities and
first-order-mover scores, respectively. We give higher-order expansions in an appendix.

3.1. Singularity at Infinite Inter-Layer Coupling. To understand the dom-
inant eigenspace (i.e., the eigenspace of the largest eigenvalue) of M(✏) in the limit
✏ ! 0+, we first study the system for ✏ = 0. We write Eq. (2.4) as

M(✏) = B+ ✏G , (3.1)

where B = A(chain)
⌦ I and G = diag[M(1)

, . . . ,M(T )]. It follows that M(0) =
A(chain)

⌦ I. To facilitate our discussion of the eigenspace and our subsequent calcu-
lations, we introduce the NT ⇥ NT permutation matrix P with entries Pkl = 1 for
l = dk/Ne+T [(k�1) mod N ] and Pkl = 0 otherwise, where d·e is the ceiling operator.
Note that P permutes node-layer indices so that we can easily go back-and-forth be-
tween ordering the node-layer pairs by time and then by physical node index, or vice
versa (i.e., ordering them by physical node index and then by time). In particular,
A(chain)

⌦ I = P
�
I⌦A(chain)

�
PT . Additionally, because P is a unitary operator, one

can understand the spectral properties of M(0) via the spectral properties of

I⌦A(chain) =

2

66664

A(chain) 0 0 · · ·

0 A(chain) 0

0 0 A(chain) . . .
...

. . .
. . .

3

77775
. (3.2)

We can see from our above discussion that the base problem at ✏ = 0 de-
couples into N identical chains, where each chain corresponds to a physical node
coupled across the T time layers. Because of the block-diagonal and repeated na-
ture of Eq. (3.2), determining its spectral properties is relatively straightforward:
we obtain them from the eigenvalues and eigenvectors of A(chain). The eigenval-
ues of I ⌦ A(chain) are given by the eigenvalues of A(chain), where each eigenvalue
has a multiplicity of N and a corresponding N -dimensional eigenspace spanned by
the vectors based on the eigenvectors of A(chain) (with appended 0 values in ap-
propriate coordinates). Restricting our attention to the dominant eigenspace, we
let �

(chain) denote the largest eigenvalue of A(chain) and let u(chain) denote its cor-
responding eigenvector. It follows that �max = �

(chain), where �max is the largest
eigenvalue of I ⌦ A(chain) and has an eigenspace spanned by the eigenvectors { i},
where i = [0T

, . . . ,0T
, (u(chain))T ,0T

, . . . ,0T ]T . That is, the ith block of i is given
by u(chain), and all of the other blocks are vectors of 0 entries. Consequently, one can
obtain the N dominant eigenvectors of M(0) = A(chain)

⌦ I using the permutations
{P i}.

We now obtain �
(chain) and u(chain) by solving the general eigenvalue equation for

the undirected bucket brigade:

A(chain)u(chain) = �
(chain)u(chain)

. (3.3)

Let ut denote the entries in u(chain), so that u(chain) = [u1, . . . , uT ]T . The structure of
A(chain) then implies that the matrix equation in Eq. (3.3) decouples into equations
of the form

ut�1 � �
(chain)

ut + ut+1 = 0 , (3.4)

12 D. TAYLOR et al.
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2.1. Naive Approach for Generalizing Centralities to Temporal Net-
works. In seeking to develop eigenvector-based centralities for temporal networks,
it is tempting to examine a reshaping of the adjacency tensor into an NT ⇥ NT

supra-adjacency matrix

A =

2

666664

A(1)
!I 0 · · ·

!I A(2)
!I

. . .

0 !I A(3) . . .
...

. . .
. . .

. . .

3

777775
, (2.1)

which represents a collection of both the temporal network edges (i.e., intra-layer
edges) as well as the “identity edges” (which are inter-layer edges) that couple the
node-layer pairs {(i, t)} for the same physical node i across the T network layers.
The identity edges of weight ! attempt to weight the “persistence” of a physical
node through time by enforcing an identification with itself at consecutive times. We
restrict our attention to nonnegative inter-layer coupling ! � 0. (One could consider
! < 0 to drive negative coupling between layers, but we do not consider such values
for our applications.) One can construe ! as a parameter to tune interactions between
network layers [6, 9, 81]: in the limit ! ! 0+, the layers become uncoupled; in the
limit ! ! 1, the layers are so strongly coupled that inter-layer weights dominate the
intra-layer connections.

The case of inter-layer edges only between di↵erent instances of the same physical
node is sometimes called “diagonal coupling,” and the using a constant ! across all
such-interlayer edges is sometimes known as “layer-coupling.” Here we also restrict
ourselves to nearest-neighbor coupling of temporal layers, as we place the identity
inter-layer edges only between node-layer pairs that are adjacent in time, (i, t) and
(i, t± 1), which results in the block structure in Eq. (2.1). Equivalently, we write

A = diag
h
A(1)

, . . . ,A(T )
i
+A(chain)

⌦ !I , (2.2)

where ⌦ denotes the Kronecker product and A(chain) is the T ⇥ T adjacency matrix
of an undirected “bucket brigade” (or “chain”) network whose T nodes are each
adjacent to their nearest neighbors along an undirected chain. In this bucket brigade,

A
(chain)
ij = 1 for j = i± 1 and A

(chain)
ij = 0 otherwise. Although one can choose inter-

layer coupling matrices other than A(chain) for the inter-layer couplings [70] (and
much of our approach can be generalized to other choices of coupling), we restrict our
attention to nearest-neighbor coupling of layers.

It is tempting to directly apply a standard eigenvector-based centrality formu-
lation to the supra-adjacency matrix A by treating it just like any other adjacency
matrix despite its structure. However, such an approach neglects to respect the funda-
mental distinction between intra-layer edges and inter-layer edges that result from the
block-diagonal structure of A. That is, in such an approach, one treats the inter-layer
couplings (i.e., identity arcs) just like any other edge. In general, however, one needs
to be careful when studying a temporal network using the supra-adjacency matrix
formalism because many basic network properties—some of which carry strong impli-
cations about a static network (e.g., its spectra, connectedness properties, etc.)—do
not naturally carry over without modification to the supra-adjacency matrix. This
issue was discussed for multilayer networks more generally in Refs. [24, 27, 70] and
more recently in Ref. [26].
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where we impose u0 = uT+1 = 0 so that Eq. (3.4) holds for all t 2 {1, . . . , T}. We
now let ut / sin n⇡t

T+1 for n 2 {1, . . . , T} to ensure that these boundary conditions are
satisfied. Equation (3.4) then reduces to


2 cos

✓
n⇡

T + 1

◆
� �

(chain)

�
sin

n⇡t

T + 1
= 0 . (3.5)

For the solution of Eq. (3.5) to be consistent for all t, the term in the square brackets
must be identically 0. Consequently,

�
(chain) = 2 cos

✓
n⇡

T + 1

◆
, (3.6)

u(chain) =
1

p
�n


sin

✓
n⇡

T + 1

◆
, sin

✓
2n⇡

T + 1

◆
, . . . , sin

✓
Tn⇡

T + 1

◆�T
, (3.7)

where the normalization constant is �n =
PT

t=1 sin
2 [n⇡t/(T + 1)]. Setting n = 1
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section, we study the zeroth-order expansion of the dominant eigenvector (✏) for
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{(i, t)} corresponding to a given physical node i become constant across time in this
limit. We refer to these values as the physical nodes’ time-averaged centralities. By
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has an N -dimensional null space (i.e., the dominant eigenspace of B). We also found
that Eq. (3.9) has a general solution of the form

�0 = 2 cos

✓
⇡

T + 1

◆
, 0 =

X

j

↵jP j , (3.11)

where {↵i} are constants that satisfy a constraint that 0 has a magnitude of 1 (i.e.,P
i ↵

2
i = 1). We defined i just below Eq. (3.2).
To find the set {↵i} of unique constants that define 0, we need a solvability

condition in the first-order terms. Using the fact that the null space of �0I � B is
span(P 1, . . . ,P N ) for any physical node i, it follows that (P i)T (�0I� B) 1 = 0,
and left-multiplying Eq. (3.10) by (P i)T leads to

T
i PTG 0 = �1

T
i PT

0 . (3.12)

Using the solution of 0 in Eq. (3.11), we obtain

X

j

↵j
T
i PTGP j = �1

X

j

↵j
T
i PTP j = �1↵i , (3.13)

because PTP = PPT = I and T
i j = �ij , where �ij is the Kronecker delta. Letting

↵ = [↵1, . . . ,↵N ]T , Eq. (3.13) corresponds to an N -dimensional eigenvalue equation,

X(1)↵ = �1↵ , (3.14)

where the matrix X(1) has elements

X
(1)
ij = T

i PTGP j = �
�1
1

X

t

M
(t)
ij sin2

✓
⇡t

T + 1

◆
, (3.15)

and �1 =
PT

t=1 sin
2 (⇡t/(T + 1)) is the normalization constant for the dominant eigen-

vector u(chain) given by n = 1 in Eq. (3.7). Our assumption that (✏) is nonnegative
and irreducible for any ✏ > 0 ensures that X(1) is also nonnegative and irreducible.
By the Perron-Frobenius theorem for nonnegative matrices [77], the largest eigenvalue
�1 of X(1) has a multiplicity of one, and its eigenvector ↵ is unique with nonnegative
entries (see Sec. 2.2 and the footnote 3 therein). We normalize the solution ↵ to
Eq. (3.14) by

P
i ↵

2
i = 1 and substitute the normalized solution into Eq. (3.11) to

obtain the zeroth-order term 0.
Recall that the vector 0 is the dominant eigenvector of (✏) and that it gives

the joint node-layer centralities in the limit ✏ ! 0+. By inspection, the elements
of 0 are ↵i sin(⇡t/(T + 1)) for node-layer pair (i, t). It follows that the conditional
centrality of node-layer pair (i, t) is ↵i, independent of the layer t. Importantly, these
{↵i} values arise naturally from our perturbative expansion in the supra-centrality
framework, independently of the value of ✏. By contrast, recall that the marginal
node centralities (MNC) reflect averaging the joint centralities across time layers for
a specific choice of ✏. Accordingly, we hereafter refer to the entry ↵i in the vector ↵
as the time-averaged node centrality of physical node i.

3.3. First-Order Expansion and First-Order-Mover Scores. In this sec-
tion, we show that the first-order expansion of Eq. (3.8) leads to a linear system
[Eq. (3.25)], which we solve to obtain a measurement of the variation over time of
each physical node’s centrality trajectory [see Eq. (3.27)]. Specifically, as one increases

14 D. TAYLOR et al.

has an N -dimensional null space (i.e., the dominant eigenspace of B). We also found
that Eq. (3.9) has a general solution of the form

�0 = 2 cos

✓
⇡

T + 1

◆
, 0 =

X

j

↵jP j , (3.11)

where {↵i} are constants that satisfy a constraint that 0 has a magnitude of 1 (i.e.,P
i ↵

2
i = 1). We defined i just below Eq. (3.2).
To find the set {↵i} of unique constants that define 0, we need a solvability

condition in the first-order terms. Using the fact that the null space of �0I � B is
span(P 1, . . . ,P N ) for any physical node i, it follows that (P i)T (�0I� B) 1 = 0,
and left-multiplying Eq. (3.10) by (P i)T leads to

T
i PTG 0 = �1

T
i PT

0 . (3.12)

Using the solution of 0 in Eq. (3.11), we obtain

X

j

↵j
T
i PTGP j = �1

X

j

↵j
T
i PTP j = �1↵i , (3.13)

because PTP = PPT = I and T
i j = �ij , where �ij is the Kronecker delta. Letting

↵ = [↵1, . . . ,↵N ]T , Eq. (3.13) corresponds to an N -dimensional eigenvalue equation,

X(1)↵ = �1↵ , (3.14)

where the matrix X(1) has elements

X
(1)
ij = T

i PTGP j = �
�1
1

X

t

M
(t)
ij sin2

✓
⇡t

T + 1

◆
, (3.15)

and �1 =
PT

t=1 sin
2 (⇡t/(T + 1)) is the normalization constant for the dominant eigen-

vector u(chain) given by n = 1 in Eq. (3.7). Our assumption that (✏) is nonnegative
and irreducible for any ✏ > 0 ensures that X(1) is also nonnegative and irreducible.
By the Perron-Frobenius theorem for nonnegative matrices [77], the largest eigenvalue
�1 of X(1) has a multiplicity of one, and its eigenvector ↵ is unique with nonnegative
entries (see Sec. 2.2 and the footnote 3 therein). We normalize the solution ↵ to
Eq. (3.14) by

P
i ↵

2
i = 1 and substitute the normalized solution into Eq. (3.11) to

obtain the zeroth-order term 0.
Recall that the vector 0 is the dominant eigenvector of (✏) and that it gives

the joint node-layer centralities in the limit ✏ ! 0+. By inspection, the elements
of 0 are ↵i sin(⇡t/(T + 1)) for node-layer pair (i, t). It follows that the conditional
centrality of node-layer pair (i, t) is ↵i, independent of the layer t. Importantly, these
{↵i} values arise naturally from our perturbative expansion in the supra-centrality
framework, independently of the value of ✏. By contrast, recall that the marginal
node centralities (MNC) reflect averaging the joint centralities across time layers for
a specific choice of ✏. Accordingly, we hereafter refer to the entry ↵i in the vector ↵
as the time-averaged node centrality of physical node i.

3.3. First-Order Expansion and First-Order-Mover Scores. In this sec-
tion, we show that the first-order expansion of Eq. (3.8) leads to a linear system
[Eq. (3.25)], which we solve to obtain a measurement of the variation over time of
each physical node’s centrality trajectory [see Eq. (3.27)]. Specifically, as one increases

One derives expressions for higher-order corrections in a 
similar way. The coefficient of the first correction gives a 
first-mover score.

αi is the time-averaged centrality for entity i



Mathematics PhD Exchange Network
• Mathematics department rankings change 

with time, so we want to use centrality 
measures that change with time

• Multilayer network with adjacency tensor 
elements Aijst

– Directed intralayer edge from university i to 
university j at time t for a specific person’s PhD 
granted at time t for a person who later advised 
a student at i (multi-edges give weights)
• E.g. Peter Mucha yields a PrincetonèGeorgia

Tech edge and a PrincetonèUNC Chapel Hill edge 
for t = 1998
– Note: No PrincetonèDartmouth edge (time delay)

– Use a multilayer network with “diagonal” and 
ordinal interlayer coupling

– 231 US universities, T = 65 time layers (1946–
2010)
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Table 4.1
Top centralities and first-order movers for universities in the MGP [4].

Top Time-Averaged Centralities Top First-Order Mover Scores

Rank University ↵i

1 MIT 0.6685
2 Berkeley 0.2722
3 Stanford 0.2295
4 Princeton 0.1803
5 Illinois 0.1645
6 Cornell 0.1642
7 Harvard 0.1628
8 UW 0.1590
9 Michigan 0.1521
10 UCLA 0.1456

Rank University mi

1 MIT 688.62
2 Berkeley 299.07
3 Princeton 248.72
4 Stanford 241.71
5 Georgia Tech 189.34
6 Maryland 186.65
7 Harvard 185.34
8 CUNY 182.59
9 Cornell 180.50
10 Yale 159.11

map: do we want to indicate what any of those other papers do with
the MGP data?drt: my vote is no. keep things as brief as possible.

We extend our previous consideration of this data [71] by keeping the year that
each faculty member graduated with his/her Ph.D. degree. We thus construct a
multilayer network of the MGP Ph.D. exchange using elements Aijt that indicate a
directed edge from university i to university j at time t to represent a doctoral degree
in the MGP data from university j in year t who later advised at least one student
(who also must appear in the MGP data) at university i. Edges can be weighted to
account for multiple doctorates from university j in year t who later advise students
at university i. Note that this construction aligns edge directions in a way that is
opposite to the flow of people, so a node with large in-degree (i.e., with many graduates
who advise students elsewhere) is considered both an academic authority as well as
an authority with respect to HITS centrality. We restrict our attention to movement
between N = 231 U.S. universities, and we construct the weighted adjacency tensor
A(MGP) over T = 65 time layers that represent Ph.D. graduation years 1945–2010.
Note that one can define the multilayer network in more intricate ways (e.g., by
normalizing edge weights using the number of graduates and in many other ways)
and examine how the results vary for di↵erent choices, though this lies far outside of
the scope of the present manuscript.

pjm: Fix this sentence map: what do you think of my sentence; also,
do we want to bring up the year gap? e.g. my first PhD student from
Oxford is multiple years after I arrived at Oxford? my gut feeling is ’no’
because we don’t discuss individuals’ trajectories

Given A(MGP), we begin by identifying the universities that have the largest
time-averaged authority centralities {↵i} from the eigenvectors of the matrix M1

⇤
defined in Eq. (3.15). We summarize these authority values in Table 4.1, and we note
that the most central universities according this measure are all widely-accepted top-
tier programs in mathematics. The time-averaged authorities identify the four most
central mathematics universities for this time period as MIT, Berkeley, Stanford, and
Princeton.

Although the results in Table 4.1 are interesting, time-averaged centrality (by def-
inition) does not provide information about temporal trajectories of the universities’
authorities, and this is the type of idea that we seek to explore. We thus calculate the
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2021 Paper: Both Temporal and 
Multiplex Networks 
• Much more general form of interlayer coupling
• We do perturbation theory for both weak and strong coupling



Marginal Node and Layer Centralities

• We also examine conditional centralities (nodes conditioned on layers, and vice versa)



Mathematics PhD Exchange Network



Multiplex Airline Network



Node centralities and 
layer centralities 
depend on the 
interlayer-coupling 
strength



Conc l us ions



Conclusions
• Centralities allow one to measure the importance of nodes, edges, and other 

structures in networks.
• The formalism of multilayer networks allows one to study complicated types of 

network structures.
– E.g., temporal networks, multiplex networks, etc.

• There are many different ways to generalize standard network ideas (e.g., 
centralities) from ordinary graphs to multilayer networks.

• As an example, I discussed eigenvector-based centralities in temporal and 
multirelational networks.


