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Bilinear Algorithms

• Consider a bilinear operator 

• A bilinear algorithm is a decomposition
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Growth Factor

Tensor Rank

• The bilinear complexity of an algorithm is the number of 
terms r in the decomposition

• The tensor rank corresponds to the optimal speed of 
evaluating this bilinear operator
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Example

• (a + ib)(c + id) = (ac - bd) + i(ad + bc)

• Viewed as a bilinear operator 

• Method 1: compute ac, bd, ad, bc

• Method 2: compute (a+b)(c+d), ac, bd

Example

• Growth factor of method1 is 4.

• Growth factor of method2 is

• Indeed, the second method is less stable than the first 
one. 
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Tensor Rank of Complex Matrix Multiplication

• Every algorithm that evaluates complex matrix 
multiplications requires at least three real matrix 
multiplications. [Winograd 1971]

• Gauss’s algorithm uses the least number of real matrix 
multiplciations.

• Regular algorithm has the smallest growth factor.

• Does there exist an algorithm that is both fast and 
accurate?

Complex Matrix Multiplication

• Uses three real matrix multiplications.

• Has smallest growth factor.
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Complex Matrix Multiplication

Applications

• Complex Neural Network
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Frobenius Inversion

• Z = A+iB

Optimality
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Numerical Properties

Numerical Properties
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Numerical Properties

Numerical Properties
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Matrix Sign Function

Matrix Sign Function

• The matrix sign function of A can be computed via 
Newton’s method:
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Matrix Sign Function

Sylvester Equation

• Given A,B, and C, want to solve for X in

• Can be solved using Newton’s method:
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Sylvester Equation

Polar Decomposition

• A = UH.

• Compute U using Newton’s method:
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Polar Decomposition
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